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Convolution of Ultradistributions and Field Theory

C. G. Bollini,! T. Escobar,> and M. C. Rocca'
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A general definition of convolution between two arbitrary tempered
ultradistributions is given. When one of the tempered ultradistributions is rapidly
decreasing this definition coincides with the definition of J. Sebastiao e Silva.
The product of two arbitrary distributions of exponential type is defined via
the convolution of its corresponding Fourier transforms. Several examples of
convolution of two tempered ultradistributions and singular products are given.
In particular, we reproduce the results obtained by A. Gonzales Dominguez and
A. Bredimas.

1. INTRODUCTION

In physics, it is sometimes necessary to work with functions that grow
exponentially in space or time. For those cases the Schwartz space of tempered
distributions [1] are too restrictive. On the other hand, the space of test
functions with bounded support allows the distributions to blow up more
rapidly than any exponential. In this sense they should be considered to be
too “permissive” for physical applications. What is needed is an equilibrium
between the necessities in x space and the possibility to work in the Fourier
transformed space (p space) with propagators. From a mathematical point
of view the latter are analytic functionals defined on a space of entire test
functions.

We shall see that a point of equilibrium is achieved by working with
tempered ultradistributions (see below). They also have the advantage of
being representable by means of analytic functions. Thus in general they are
easier to work with and have interesting properties. One of those properties,
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as we shall see, is the possibility of defining a convolution product which is
general enough to be valid for any two tempered ultradistributions, and of
course, this automatically provides a definition for the product of distributions
of the exponential type in x space.

In Sections 2 and 3 we define the distributions of exponential type and
the Fourier-transformed tempered ultradistributions. Each of them is part of
a Gelfand triplet (or rigged Hilbert space [2, 3]) together with their respectives
duals and a “middle term” Hilbert space. In Section 4 we give a general
expression for the convolution. We also state and prove some existence
teorems. In Section 5 we present several examples. Some of them imply
singular products. Finally, in section 6 we discuss of the principal results.
For the benefit of the reader an Appendix is added containing some formulas
utilized in the text.

2. DISTRIBUTIONS OF EXPONENTIAL TYPE

For the sake of the reader we present a brief description of the principal
properties of tempered ultradistributions.

The space H of test functions that e”'x”D‘fd)(x)‘ is bounded for any p
and ¢ is defined [4] by means of the countable set of norms:

Do, p=0.1,2... 2.1)

191 = sup e
0=g=p,x
According to ref. 5, H is a H{M,} space with
Myx) = 2 p =12, ... (2.2)

% (e~ DM satisfies condition () of Gelfand [2]. Tt is a countable Hilbert
and nuclear space:

(e Ok = [ = ﬂ H, (2.3)

where H, is obtained by completing H with the norm induced by the sca-
lar product:

A A * L ~ A
@, 1), =J SIS D) D ds p =12 (24)
—o0 q=
If we take the usual scalar product

Gy =1 ¢ (2.5)

then H, completed with (2.5), is the Hilbert space ¥ of square-integrable
functions.
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The space of continuous linear functionals defined on H is the space
A of the distributions of exponential type [4].
The “nested space”

(H, %, A (2.6)

is a Gelfand triplet (or a rigged Hilbert space [2, 3].

Any Gelfand triplet (A, ¥, $4’) has the fundamental property that a
linear and symmetric operator on ${ admitting an extension to a self-adjoint
operator in ¥ has a complete set of generalized eigenfunctions in &' with
real eigenvalues.

3. TEMPERED ULTRADISTRIBUTIONS

The Fourier transform of a function EI) € His
(" iz
=— dx e 3.1
66 =3 J v ¢ () (3.1)

¢(z) is entire analytic and rapidly decreasing on straight lines parallel to the
real axis. We shall call / the set of all such functions:
h = F{H} (3.2)

It is a #{M,} space [2, 3] countably normed and complete, with

Myz) = (1 + |)” (3.3)
h is also a nuclear space with norms
P
9l sup (1 + o) (3.4)

We can define the usual scalar product

d)U(x) dx (3.5)

(0(2), W(2)) = J dVi(z2) dz =
where
Vi(z) = J dx e ™ i(x)

By completing /# with the norm induced by (3.5) we get the Hilbert space
of square-integrable functions.

The dual of # is the space U of tempered ultradistributions [4]. In other
words, a tempered ultradistribution is a continuous linear functional defined
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on the space / of entire functions rapidly decreasing on straight lines parallel
to the real axis.

The set (h, 7€, AW) is also a Gelfand triplet.

AU can also be characterized in the following way [4]: let o be the space
of all functions F(z) such that:

I. F(2) is analytic for {z € 6: ‘Im(z)‘ > p}.
1. F(z)/ is bounded continuous in {z € : [Im(z)| = p}, where p =
0,1, 2, ... depends on F(=z).

Let II be the set of all z-dependent polynomials, z € 6. Then AU is the
quotient space:

L. u = /11

Due to these properties it is possible to represent any ultradistribution
as [4]

F(9) = (F(2), d(z) = %r dz F(2)9(2) (3.6)

where the path [ runs parallel to the real axis from —o to % for Im(z) > p,
p > p, and back from % to — for Im(z) < —p, —p < —p. [[" lies outside
a horizontal band of width 2p containing all the singularities of F(z).]

Formula (3.6) will be our fundamental representation for a tempered
ultradistribution. Sometimes use will be made of “Dirac’s formula” for ultra-
distributions [6]:

F(z) =2LJ dt“ﬁ_ﬁ— (3.7)
T | _o t z

where the “density” f(7) is such that

0

%r dz F(2)§(z) = J dt (1) (3.8)

While F(z) is analytic on I, the density f{(7) is in general singular, so that the
r.h.s. of (3.8) should be interpreted in the sense of distribution theory.

Another important property of the analytic representation is the fact that
on [, F(z) is bounded by a power of z [4]:

IFo)| < ¢l (3.9)

Z

where C and p depend on F.
The representation (3.6) makes evident that the addition of a polynomial
P(z) to F(z) does not alter the ultradistribution:
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jgr dz {F(z) + P(2)}$(z) = jgr dz FO)d(2) + jgr dz P(2)$(2)
But
jgr &= P()b(z) = 0
as P(z)$(2) is entire analytic (and rapidly decreasing), therefore

jgr &= (F) + P(2))d(z) = jgr &= F(2)b(2) (3.10)

4. THE CONVOLUTION

If we try to define the convolution product by means of the natural
formula

(F % G)[0) = jgrl jgrz dii dis F(ki)G(ka)d(ky + k2) 4.1)

we soon discover that it is not always defined. The reason is simple. The
result of

EFF dk F(k)O(k + k') = y(k')
does not, in general, belong to . However, if at least one of the ultradistribu-
tions F and G is rapidly decreasing (say G), then a convolution can be defined
[6] by

Hk) = J dt [()G(k — 1) (4.2)
where f(7) is the density associated to F(k) [cf. (3.7)].

In order to eliminate the test function from (4.1) use can be made of
the complex d-function, which is an ultradistribution (Cauchy’s theorem)

JL(_)_
540} = — 3 jﬁ = ¢(2") (4.3)

where the point z’ is enclosed by I (this procedure was used in ref. 7). We
can then write (4.1) as

(F % Gl jE o i e e CIC

The path I" must have
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lim(z)| > [tm(k)| + [tm(k)| 4.5)

in order to embrace the point ki + k2 (ki € 'y, ko € I).
Equation (4.4) leads to

. FUNGl)
FxG=H=—"— dky dk 4.6
2mi f]gr1 f]gr2 e -, 49

However, we do not expect (4.6) to define a tempered ultradistribution for
every pair F, G. Note that in (4.1) F and G operate on ¢(k), which is rapidly
decreasing, while in (4.6) they act on (z — k) ™', (k = ki + k). Furthermore,
due to (4.5) and the fact that I'; and I'; run outside a horizontal band containing
all the singularities of F and G, the integrand in (4.6) is analytic at every
point of the integration paths. Taking into account the property (3.9) of
tempered ultradistributions, we come to the conclusion that the integrations
in (4.6) have at most a tempered singularity for & — . In order to control
this possible singularity we introduce a regulator (see ref. 8).

We define
KYF(k)K> G(ky)
Hy(z) = dk1 dk 4.7)
z — k - k2
Now, if we have the bounds
Fi| < ailkl™,  [6t)| < (4.8)
Then (4.7) is convergent for
Re(M) < =1 — 1; = max{m, n} 4.9)

It is also analytic in the region (4.9) of the A plane, as the derivative with
respect to A merely multiplies by a logarithmic factor the integrand of (4.7)
without spoiling the convergence.

According to the method of ref. 8, H) can be analytically continued to
other parts of the A plane. In particular near the origin we have the Laurent
(or Taylor) expansion

H. =Y H()\ (4.10)
where the sum might have terms with negative n. We now define the convolu-
tion product as the A-independent term of (4.10):

H(z) = H"(z) (4.11)

Note that the derivatives of Hj(z) with respect to z can be obtained from
(4.7) by taking different powers of the denominator:
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&G _ 1)17;—j§ jg dk dkzkAFkl K Pk Gka) (4.12)

dzr (z =k — ko)?

The convergence of (4.7) also ensures that of (4.12), and therefore also
ensures analyticity in z outside the horizontal band defined by (4.5). We will
now show that |, ()| is bonded by a power of || [cf. (3.9)].

To that aim we take

Im(A) = 0; A< =l —1; z=x+iy
kl‘ = K; £ io}; c; > 0, dkl = dKi

The integrals along I'; can be expressed as integrals on dk; between 0 — o,
Then we have

K F(k)K5 G(k2)
jg jg dh dks

‘Hk‘__ s =k — ko

ke e o Colko
‘Z - kl - kz‘

L Im(k) dk Im(k,) dk
n EFFI EFD sgn Im(k) dki sgn Im(k») diks

‘)ﬁ—n

e jg jg sgn Im(k) dki sgn Im(ka) dka o[k
27 I I

8 o0 o0
:—‘—ZCnC J J dxi dis (¢} + o) (13 + cHM? (4.13)
o Jo
We now make the change of variables w; = k7 and obtain

2 ” _ ,
4.13) = —C;IQZJ dwi wi'? (w + oh)*?
0

X J dwr w3 (wy + oF)Atmi2 (4.14)
0

:2C]C2973 1 A+m+1 % 1 A+n+1
e 2° 2 2° 2

X G2 GO < o, n)‘z‘k+zn+n+1 (4.15)

where %B(x, y) is the Gauss beta function.
It is to be noted that if G(k) is a rapidly decreasing ultradistribution,
then H,(z) [Eq. (4.7)] coincides with Ho(z):

Ho) = £ d Py § dieo —EE—
27 I I

4.16
Z_kl _k2 ( )

In fact, near A = 0 we have (‘k‘ > 1)
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W — 1] < a2m + [l (4.17)
Hy, — Ho(z) = ng dies KiF (k) jg i (K = 1) 7 —Gl)
21 - k1 - k2

+ ng i (K — 1) F(k) jg dky —EL— 4 1)
21 T, I, z— ki 2

In Eq. (4.18) the integrals are convergent, as G(k) and kkG(k) are both rapidly
decreasing. Furthermore, due to (4.17) the difference H) — Hy is proportional
to A. Therefore

lim [H), — Hp) = 0 (4.19)
A—0
Again, when G(k) is rapidly decreasing, the convolution defined in ref. 6

H(z) = r dt ()G(z — 1) (4.20)

[where f{(7) is given by (3.7), (3.8)] also coincides with (4.16). To show that
(4.16) implies (4.20), we use (3.8) in (4.16),

Hi() = ;J di fl0) jﬁrz S

But if G(7) is the density associated to G(z), then

L dkz—G(&)—=1—, dtQ—g'(-Z)——G(z—z)
21T T, z—t—k 27 |, _( )
ie.,
Hy(z) = H(z) (4.21)

5. EXAMPLES

In this section we are going to use definition (4.7) to evaluate the
convolution of tempered ultradistributions and indirectly the product of distri-
butions (€ Ax; see Section 2).

The convolution theorem states that

FLACW) = 5= /ik) * k) (51)

where
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J= F{fx))(k)
(1) As a first example we take the distribution x% (ref. 8, Chapter 1,
§3.2; also ref. 9, Chapter 4), whose Fourier transform we write

x4 = ie™ T (o + 1k ' O[Fe(h)] (5.2)

where ©(x) is the Heaviside step function and €(k) = sgn Im(k).

The ultradistribution (5.2) has a line of singularities (a discontinuity)
on the real axis. Then the path I [cf. (2.6)] runs parallel to the real axis at
a distance as small as we please, and we have

j X X
Fixtady = % o jg S— —xhal -
- - K

= [ﬁ ie ™% T(q, + 1)ie ™ T(B + 1)

P! O —e(ks
X diky k71O —e(k dk k” Olelh)l
§F1 e [ (1)]§F : Z_kl_k2

The functions O[€(ki)] and BO[€(k»)] eliminate the branches of 'y and I,
respectively, on the lower half-plane of k; and k. By taking the remaining
integration arbitrarily close to the real axis, we get

0 _ Bl
F i) = [ jﬁrl s K O (k)] J dy”ﬁ’j

o —B—1 —im(=B—1) ,—B—1
o— V + e y_

—HjE dhky ki ® 1®[—e<k1)1j Ay

I — z _kl -

- =pra+p
] jﬁrl dki ki O~k

< [e—ir:(—ﬁ—l) — o ime()( —B—l)]

=2 10[—e)I(=P) ['(1 + B)sinm (=P — 1)

k—(x—l
X ﬁ iy T Ol e (k)

—a—1 + e—iﬂ:(—(x—l)x:a—l

= 2inO—€(2)][] r e

Y (z —x)P*!

= 21'7‘[@[—6(2)][ 1B (—a, B +a+1) [eir:e(:)a _ ei’w] _—a—B-
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= 2im{O[—€(2)]{*[] F(_Q)I%B:S = 2isin () 27
= ie @Dl + B+ 1) 2 PTIO [—e(2)]
=P = FP) = Tty (5-3)

where use has been made of Eq. (A.4) of the Appendix.

For the evaluation of the convolution X% * X2 the procedure is entirely
similar. However, in this case one of the integrations gives rise to a factor
O] —€(2)] and the other to a factor O[€(z)]. Thus, instead of {O]—€(2)]}*> =
O] —€(2)], we get O[—€(2)]0O[e(z)] = 0. That is,

2B =0, therefore %X =0 (5.4)

(ii) As a second example we consider Dirac d-functions, whose Fourier
transform is

g = € 55

For the convolution (4.7) we have

N N ' "It ek
8()11) % 8(14) — 1 dkl l-mM-%—m gk].). dk2 w
N I e

(in this case, the factors €; and €, change the sign of the integrations of the
lower half-plane of k; and k»)

_ l-m+n+1 r " k)ﬁ—m E[k] 0 4 (V + Z-O))H—n + (V _ io)k+n
4, P 2 4 z—k —y

gl k) (© Y5+ cos Th + )yt
— dkl k)ld-m J;L). J

27[ J r, z — kl -y
_mr Jer €D+ n+ D=L —n)
o fp, 2 z—h

J

X [cos (A + n) — e—iﬂe(z)(Hn)]

IMEZ) ” i A+ cos AL+ m)
2m Y (z—x)""

g—)- lm+n F()\’ + m+ 1) F( 2)\’ —m —n — 1) 2k+m+n+1

o) (= — n)
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— [e—ine(:)(k+ m+1) + cos T[:()\, + m)]

_ le@?? Jr— COh+m+ DI(=2A=—m—=n—1)
2 [(—A — n)
X sin T[:()\, + m)22k+)n+n+1

0= & M % §m (5.6)
-0

There are two reasons for this null result. The I" functions have simple poles
when their arguments are negative integers (or zero). So the quotient of I’
functions has a finite limit. However, they are multiplied by sin TT(A + m)i—0
— 0.
Furthermore, [€(z)]* = 1, and
Z2k+m+n+1 N Zm+n+1
A0

Then we can put (C = arbitrary constant)
S(m) % S(n) — CZ)n+n+1 (57)

But due to property III of Section 3, the ultradistribution (5.7) is equivalent
to zero.
We have then

8"(x) - 8"(x) = 0 (5.8)

This result was obtained in ref. 10 and can be summarized in general as
follows:
The product of two distributions with point support is zero.

(iii) We can combine examples (i) and (ii) to find the product & -

X%
1« ' i
;8(’") # ¥ = TS e TR (o + 1)
ek k! Ol —€(k)]
X dkl k)ld—m J_L). dk2 2 2
I, 2 p z— ki — k

2 X 4 cos T+ m)xX

2mi O —€(2)]] | J dx g

—©

T+ m+ D@ —=A—=m ;im0
T+ 1) :

% [e_ine(z)(k+rn+1) + cos T[()L + m)]

= 2miO[—€(2)][ |
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= 27ti®[—€(z)]( —ﬁ e im2)a )

XTA+m+ DI —A—m
X i sin (A + m) €(z) T =0 (5.9)

if & is not an integer s such that s < m.
When 0 = o =5 <m

;80") * 5% = —2im O —€(2)] 4’n2 (—i)'ie(z)2 T
[A+m+1) _sinmh+m)
I'A+m~+1—s)sint(A+m—s)
7 TA+m+1) _sinmA+m) —s
=(—0) N —— O —€(2))e(z)
2 I'A+m+1—s)sint(A+m—s)
NS '
% (_ )‘l m g(i)-zm—s
) 2 (m—s)! 2
-1 ml —
= 5.10
2 (m—ys)! ( )
In particular, for s = 0 we get
1
3" (x)O(x) = 5 8 (x) (5.11)
If oo = s = negative number = —n we must be careful, as x% has a pole for
o = —n. We shall deal with this case by replacing @ = —n — A in (5.9)

IN'ow—A—m) >I(—20h —m —n)

_ T
 TQA+ m+n+ 1) sin t@A + m + n)
and by taking the limit A — 0:

-m+n
S =

—m' (_)__1 ! gi).zm-%—n — (—L_l !
2 m+n! 2 2

m! 8(m+n)

4 (m+ n)!

(5.12)
In Egs. (5.10) and (5.12) we used
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_€= 1L

O[—€()le@) = = O[—€()] = (€(x) — ) = = =

N =

€2, 1, €= |
Ol —€(2)]e(z) 2* = -~ .
[—€(2)]€(2) z ) Z 22 ) z
since Cz' is equivalent to zero [cf. (5.7)].
Similar expressions originate from the use of X in (5.9). In particular,
if we use

X=X ()R (5.13)
then we easily find

1 §0m g 34 = —D"_ m! §m+n)

2m 2 (m+ n)! (5-14)

The case m = 0, n = 1 was first treated in ref. 11. For m = n, Eq. (5.14)
agrees with ref. 12.

(iv) To illustrate the use of (4.10) and (4.11), we are now examine an
interesting example. Let us take the ultradistribution (5.13), which is found
to be

=Ly SR (5.15)
(n — 1! 919 2
The convolution product is now
.X:_ﬂ’l * .X:_I’l

( _i)m-%—n-%— 1

=— jg jg dk, di
4 (m— - Pro Pro

o { LR G BT In() 1 KT In (kKT e(ho)

i z—ki — k» 27 z—k — k

B Lk)lr*'m—l E(k]) k)2x+n—1 ln(kQ) N l k)1x+ln—1 E(kl)k)2\+n—1 E(kQ)
2 z—k —k 4 z— ki — k
(3.16)

The last term of (5.16) is null according to example (ii). We analyze now
the first term. We use the identity

k)r%—m—l ll'l(k) — DakOH—m—l; DOL — =



2328 Bollini, Escobar, and Rocca

Then we have

i _l)m-%-n

47 (m — Di(n — 1)

k)w%—m—l In(k k)‘+”_1 In(k
dk1 i, 8 n(k))k; n(ky)
I z — k1 - kz

. __1\m+n D +n—1 1 k
= 42 ( 1) dkl DakOH—m—l dk2 _Lkg l'l! 22
412 (m — Di(n — 1)! r =k — ko

koH—m—l
(Z _ kl)l—ﬁ—n
X2isint(B+n—DIP +n)lA —-B —n)

= [ 1Dy Dﬁjg dk,
Iy

koH—m—l

= 27ti[ | Dy Dp §r1 dlqm
[Toa+mId—o—mB —n
Ta —B —n)

X 2i sin (oL + m — 1) 2TPrmtnl

= 2mi Do Dy

D Lo + mI(B + n) sin ot sin B 1 g n—i
T +PB +n+msinma+p)~

1 _(=pm! sin 1o sin ©f _
I Dy D Z(X+B+m+n 1

41 ] Do

T(m+n—1) sin 7w(ot + P) (5-17)
where we have used the fact that any derivative Dq or Dg acting on a [’
function will lead to a null result in (5.17) through the substitutions o0 = A,
B = A, A = 0. Now the derivatives in (5.17) give rise essentially to two
types of terms. The two derivatives acting on the trigonometric functions
give rise to a pole term (in A). If one takes a derivative of the trigonometric
functions and a derivative of z‘”f’, a constant term is obtained. For the term
Dy Dg 2P the limit L —0 of the trigonometric functions is zero. Thus we get

— _J;l)g m+n—1 ll 2k _
.17 m+n—1)" 427 TR e

The second and third terms of (5.16) have the same contribution, and can
be evaluated by a similar procedure. This contribution is

_ am+n—2 k)r%—m—l In(k k)r%—n—lE k
1 (=D ks di, 8 n(k)ks (k2)
81t (m — D!(n — 1)! Pr. Pr —

. [_i])n+n

mtn—1)4 L eyt (5.18)
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According to (5.17) and (5.18), we finally get

__am+n
(5.16) :ﬁ_—l)!zm I{Zi P +-1 () += E(z)}

__am+n
e e 1{-l 1424 In@)] + * ln(z) + = E(z)}

(m+n—1! 4 A
— J;Z)WH—L m+n—1 _L l
p—— { )+ E(z)} (5.19)

The A-independent term is recognized to be X~ """ [cf. (5.15)]. The pole term
is equivalent to zero according to property III of Section 3.

(v) Finally, we give a physical example. We consider a massless scalar
(M41)¢*(x) theory in four dimensions. For this theory we shall evaluate the
self-energy Green function.

The propagator for the field ¢p(x) is [9]

A(x) = [—4m*(W* — i0)]7" (5.20)
According to Egs. (A.5)—(A.10) of the Appendix we can write
W’ —i0)™" = Q2x0) o — 7"+ (o + 7Y

+ 2r) 7 [8(x0 — ) + S(xo + )] + Cd(x0 — r)d(x0 + 1)
(5.21)

where C is an arbitrary constant appearing in the definition of some distribu-
tions (ref. 9, Sections 8.8, 8.9; see also Appendix).
And using the results of (i)—(iv), it is easy show that

W? = i0)'W® — i0)"' = W* — i0)2

Then, we have for the self-energy

Z() = (B =7 61n4 W — i0) (5.22)

where (1> — i0) 2 is defined in ref. 9, Sections 8.8, 8.9.

6. DISCUSSION

When we use the perturbative development in quantum field theory, we
have to deal with products of distributions in configuration space or with
convolutions in the Fourier-transformed p space. Unfortunately, products or
convolutions (of distributions) are in general ill-defined quantities. However,
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in physical applications one introduces some “regularization” scheme which
allows us to give sense to divergent integrals. Among these procedures is
the dimensional regularization method [14, 15], which essentially consists
in the separation of the volume element d"p into an angular factor d€) and
a radial factor p¥~' dp. First the angular integration is carried out and then
the number of dimensions Vv is taken as a free parameter. It can be adjusted
to give a convergent integral which is an analytic function of v.

Our formula (4.7) is similar to the expression one obtains with dimen-
sional regularization. However, the parameter A is completely independent
of any dimensional into interpretation.

All ultradistributions provide integrands [in (4.7)] that are analytic func-
tions along the integration path. The parameter A enables us to control the
possible tempered asymptotic behavior [cf. Eq. (3.9)]. The existence of a
region of analyticity for A and a subsequent continuation to the point of
interest [8] defines the convolution product.

Those properties show that tempered ultradistributions provide an appro-
priate framework for applications to physics. Furthermore, they can “absorb”
arbitrary polynomials, thanks to Eq. (3.10), a property that is interesting for
renormalization theory [See, for example, the elimination of the pole term
in (5.19).] Consequently, we began this paper with a summary of the main
characteristics of tempered ultradistributions and their Fourier-transformed
distributions of the exponential type.

APPENDIX. DEFINITIONS

From ref. 8§ we quote the formula

12 k—1 ,
%()\’a H) :J dXXk_l (1 —_x)“_l — (_I)IJ&)X_

o rT(u—r)
: N B Luad —x)”
_ 1 A—l _ 1V
+mea S R VG ey
k—1 . s—1 r
(=T (=T
* ; 27D — P (r 4+ A) * ; 2HALN = r)(r + ) (A-D

valid for Re A > —k, Rc u > —s, where k and s are positive integers.
From ref. 13 we get

_ Loul
B0 =T (A.2)

o = r dr 7 le™! (A.3)

0
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TOT(1 — 1) =—= (A4)
sin TA
From ref. 9 we have
8™ = 8" (X + N — " sgn(x® — 1)
=+ 370" = ) s £ ) (AS)
where
W= —xi— e — X (A.6)
PPEa o + x (A7)
W+ i0)" =y =~ i 52y (A.8)
(m — 1)!
_1ym—1
¥ sgn(y) = H— (x| 71y (A.9)
(m — 1)!
W™ = sen(x) W} + € 8(v) (A.10)

where C is an arbitrary constant.
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